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LVIIL A treatife on the preceffion of the equi-
noxes, and in general on the motion of the
nodes, and the alteration of the inclina-
tion of the orbit of a planet to the ecliptic.
Infcribed to the gentlemen of the Royal
Society, 4y M. De St. Jaques Silvabelle.

Tranflated from the French M. S. by J. Bevis, M. D.

INTRODUCTION.

Read March T F the earth were perfetly {pherical, the

12 1752 I a&ion of the fun onall the parts which
compofe it, would not produce any effect to make it
turn round its centre; becaufe the moment, which
would be produced on one fide, would be always
counterbalanced by an equal moment on the oppofite
fide of the centre.

It would be the fame, if the earth were a fpheroid
flatted at the poles, and the fun was always in the
equator, or in the ninetieth degree of declination :
But in-every other degree of declination its action on
the excefs of matter about the equator has a tendency
to make the equator approach towards the fun’s place,
or to diminifh the angle of the fun’s declination, by
making the earth’s axis to turn round its centre in the
plane of the circle of the fun’s declination.

The earth has then, at every inftant, two motions
of rotation ; one about the axe of the equator, called

alfo the earth’s axe; and this is the diurnal motion,
Ccc which
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which is uniform; the other motion of rotation is
performed about the axe of the circle of the fun’s
declination, which is a diameter of the equator; and
this motion is produced by the acion of the fun on
the redundant matter about the equator, and is conti-
nually accelerated, from the continual application of
the folar action producing it.

The point E, fig. 1. n°2. which is the interfe@ion
of the circumference of the equator and the circum-
ference of the circle of declination, has two motions,
whofe diretions are perpendicular to each other.
Let E ¢ be the fpace, which it runs through in an in-
ftant 4 ¢, in the circumference of the equator, by the
uniform diurnal motion, and let E¢ be the fpace it
runs through in the fame inftant, in the circumference
of the circle of declination, by an accelerated motion,
as has been explained.

The point E, in vertue of thefe two motions E e
and E ¢, will not circulate either in the circumference
E Q¢ QE of theequator, orin the circumference
E¢P E' P'E of the circle of declination, but forming
the re®angular parallelogram E e ¢ ¢, the diagonal E ¢'
will be theelementaryarc of thecircumference E eq E,
in which the point E will circulate, and the angle
¢ E ¢ will be equal to the angle  C ¢, and equal to the
angle P’ Cp’ which the pole P' runs through in an in-
flant in the circumference P'p'Qg P 2 P’ whofe plane
is perpendicular to the plane of the circle of decli-
nation ; and when the lines E¢, E¢ are known at
every inftant, P'p’ will alfo be known, fince the
angle ¢eE¢ = to the angle £, Cg=to the angle
P'Cp.

‘The
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The inftantaneous motion of the pele, which is P!/,
or Pp, fig.2. n°1. & n°2%*, may be refolved into
two, P R and P M, perpendicular to each other, and
both to the earth’s axe. The former caufes the pole
P to move parallel to the ecliptic " & = v, and alters
the place of the folftice s, and confequently alfo that
of the equino®ial points v and =; the latter, which
is according to P M, alters the inclination of the
carth’s axe to the ecliptic. _

To have the motion of the pole parallel to the
ecliptic, or, which is the fame, the motion of the
node v, or the preceffion, in the fame time that the
fun paffes from the equinox 7" to the folftice &, take
the integral of the lines P R, fuppofing P R gene-
rally to exprefs the inftantaneous preceffion for any
declination of the fun .

And to have the alteration of the inclination in the
fame time that the fun is paffing from v to =, take
the fum, or the integral of the lines P M, fuppofing
P M generally to exprefs the inftantaneous alteration
of the inclination of the earth’s axe to the ecliptic for
any given declination of the fun.

The fum of the lines P R is always the fame, and
has the fame fign, or the fame direction, during every
quarter of the fun’s revolution, whether he moves
- from ¥ to %, or from S to =, or from = to v, or
from w to v ; fo that the preceflion anfwering to any
one quarter of the fun’s revolution about the earth,
or to three months, being known, that multiplied by
4 will be the annual preceffion ; by 8 will give it for
two years; by 16 for 4 years, &e.

Cccz2 Likewife

* Fig. 2. is explained at the beginning of Preb. 5.
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Likewife the fum of the lines P M is ever the fame
for every quarter of the folar revolution; but it has
alternatively a contrary fign; that is, a contrary di-
re¢tion. During the quarter from v to &, thealtera-
tion of the inclination of the earth’s axe to the ecliptic
is pofitive, and the angle of the inclination increafes;
but during the fucceeding quarter, or from & to =,
the alteration of the inclination is negative, and the
angle of the inclination diminifhes: And as the di-
minution from % to = is equal to the augmentation
from 7 to ®, it follows, that at the end of the femi-
revolution the inclination of the earth’s axe to the
plane of the ecliptic will become again the fame,
having undergone an ofcillation, which is completed
in a femirevolution. It is the fame, when the {un
pafles from = to . Theangle of the inclination in-
creafes from = to v#, and decreafes from v to v, where
it becomes again the fame it was at =.

And hence the inclination of the earth’s axe to the
ecliptic may be confidered as conftant, tho’ fubject
to this ofcillation, and indeed to feveral others, which
will be prefently explained, they being all regular,
and performed in regular periods.

The earth’s inclination to the ecliptic being con-
ftant, and the motion of the pole which produces
the preceflion, being always parallel to the plane of
the ecliptic, the earth’s pole moves in a parallel to
the ecliptic, about 23 degrees and a half ditant from
the pole of the ecliptic, and the terreftrial axe de-
fcribes a conic furface.

To this motion of the terreftrial axe or pole is to
be afcribed the apparent motion of the ftars about the
pole of the ecliptic.

But



[ 389 ]

But hitherto we have not confidered, that to the
preceflion, thus caufed by the fun, we are to add that
likewife produced by the moon; and it remains,
that we examine into the motion of the earth’s pole,
caufed by the a&tion of the moon on the redundant
matter about the earth’s equator.

All, that has been faid concerning the fun, is alike
applicable to the moon, which we may put in the
place of the fun; the moon’s orbit in the place of the
ecliptic ; and the time of the moon’s revolution round
the earth in the place of the revolution of the fun
round the earth: And we fhall find the motion of
the earth’s pole parallel to the lunar orbit, which is
always the fame at every quarter of the time of the
revolution of the moon round the earth, and the ofcil-
lation of the earth’s axe to the plane of the lunar or-
‘bit, which is completed, in each femirevolution of
the moon round the earth.

But whereas the plane of the lunar orbit, which
is always inclined to the plane of the ecliptic in an
angle of about § degrees, never continues in a con-
ftant pofition, like the plane of the ecliptic, fo that
its pole defcribes a {mall circle parallel to the ecliptic,
at the diftance of about § degrees from the pole
thereof ; it follows, that the preceflion, with refpect
to the lunar orbit, is not the fame as with refpeét to
the ecliptic ; and that the motion of the pole parallel
to the lunar orbit thould be referred to the plane of
the ecliptic : Which is done by refolving the motion
of the pole, parallel to the plane of the lunar orbit,
into two motions, the ong parallel to the plane of the
ecliptic, and the other perpendicular thereto, and in
the plane of the folfticial colure. T

e
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The former of thefe two motions gives the pre-
ceflion with refpe@ to the ecliptic, and has its di-
rection always the fame way.

The latter motion has two oppofite direGtions, in
the two femirevolutions of the pole of the lunar orbit
round the pole of the ecliptic, and caufes an-ofcilla-
tion of the terreftrial axe on the plane of the ecliptic,
which is compleated in a revolution of the pole of
the lunar orbit round the pole of the ecliptic.

From all that has been faid, it follows, that there
are five diftin& motions of the pole of the earth;
namely, two of preceflion, which are parallel to the
plane of the ecliptic, and three of ofcillation on the
plane of the ecliptic. ,

The two of preceflion are caufed, the one by the
fun, the other by the moon. That, which is caufed
by the fun, is conftantly the fame at every quarter of
the time of the revolution of the fun round the earth,
that is, every three months: That which is caufed by
the moon, is conftantly the fame at every quarter of
the time of the revolution of the moon round the
carth ; thatis, about every feven days. -

Of the three motions of ofcillation, one is .caufed
by the fun, and is completed in the timieof the femi-
revolution of the fun round the earth, taken from one
equinox to the followingone; thatis, infix months.

The other is caufed by the moen; and each ofcil-
lation is completed in the fpace of a femirevolution
of the moon round the earth; that is, i abeut 1.4 days.

The third is caufed likewife by the moon, and
arifes from the plane of her orbit being different from
the planc of the ecliptic, and from the pole of the
lunar orbit making its revolution about the pole of the

~ ecliptic
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ecliptic in about 18 years and two thirds. And this
ofcillation is compleated in the time of the revolution
of the pole of the lunar orbit about the pole of the
ecliptic ; that is, in about 18 years and two thirds.

It will appear in the memoir, that there is arelation
purely geometrical between the quantity of the nu-
tation, during the time of the femirevolution of the
pole of the lunar orbit, and the quantity of the pre-
ceflion, caufed likewife by the moon in the fame
time. ‘This relation is quite independent of the force
of the moon, of the quantity of the earth’s flatnefs,
of the quantity of the terreftrial matter, and, in a
word, of every thing of a phyfical nature that can
enter into the problem.

We are content to examine the motions of the pole
of the earth produced by the fun and the moon.
The fame method, and the fame formule, will give
likewife the motions of the terreftrial pole arifing
from any other planet, as Saturn, Jupiter, &c. but
thefe motions are toao minute to merit attention.

Whatever has been faid of the adtion of the {un
on the redundant matter about the earth’s equator, is
alfo applicable to his action on a fimple ring placed
at the equator, without adhering to the terreftrial
globe ; .and the motion of the pole of fuch ring may
be determined by the fame method, and confequently
the motion of its nodes on the plane of the ecliptic,
and the alteration of the inclination of its axe to the
fame plane. And fince thefe motions are the fame,
whether the ring be fuppofed entire, or a fmall por-
tion of it only be confidered, or a mere point thereof,
the motions of the nodes, and the alteration of the
inclination of a moon, or 2 fatellite of a planet, may

thereby
3
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thereby be known. And the jformule differ in no-
thing from thofe of the motion of the nodes of the
earth’s equator, and of the alteration of the obliquity
of the earth’s axe to the plane of the ecliptic, but in
this; that the action of ' the fun on the ring to make
it turn, is exerted entirely thereon; whereas in the
problem of the preceffion this force muft neceffarily
be diftributed throughout the whole mafs of the earth,
on account of the adherence of the ring to the globe
of the earth.

DIVISION of the WORK.

This memoir is divided into four fe@ions.

The 1t fection treats of the motion of the pole of
the terreftrial equator caufed by the fun.

The 2d fection treats of the motion of the pole of
the terreftrial equator caufed by the moon.

The 3d fection treats of the motion of the pole of
a ring, or of the orbit of a moon, caufed by the fun.

The 4th feGion contains the application of the for-
mule found in the other fetions.

SECT. L

Of the motion of the pole of the terreftrial
equator caufed by the ation of the fun.

Prosrem L

Article 1. To find the moment, which refults from the
attraition of each particle of the earth towards the
Jun, in the inverfé ratio of the fquare of the difiance,

to make the earth’s axis turn upon its centre C,
Let EFE F E, fig.1. »° 1. be the feGtion of the
carth by the plane of the circle of the fun’s declina-
tion ;
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tion; P E P' E' P the circumference whofe diameter is
the earth’s equator, E E' or P P'. Let E E' be perpen-
dicular to P P, and in the equator. Let 1F be per-
pendicular to C S, and aflume this diameter I I for the
leaver to which all the moments are to be referred.

The motion of any point, as g, towards the fun, is

S . . ..
= By refolving this motion into two, one accord-

g
ing to g C, the other parallel to €'S; the motion ac-
cording to g C has no tendency to make the point g
turn round the centre C.  The motion of the pointg

parallel to C § will be = x SC o 5258 bt the

Sg Sg Sg

motion of the centre C according to C§ is —, ;

Wi

therefore the relative motion of the point g, in regard

. SxS8C
gard to the centre C, I8 —— — S or $XSCx

Sg’ SC
1 1 )
(=-50)

The moment of the point g to turn about the centre

C,willthereforebeSxSCx( ! __1_;—3 xgxCL

Sg° 8C
the moment being the product of the motion by the
mafs of the body, and by the arm of the leaver.
And this moment caufes the point I to approach to-
wards the fun, when it is pofitive, or when §Cis
greater than S g ; and caufes the point I to recede
trom the fun when it is negative, or when Sg is
greater than S C.

Ddd It
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It will be found, in like manner, that the moment
of the point g’ to turn about the centre C,is Sx 8§ C x

1 I
(E—g_ﬂ —-—_S——_z—g-) xg'x CI'; or with regard to the

point T which is on the oppofite fide of the centre to
the point I, this moment, by changing the figns,

will be, S x SCx(:.l_—;——:.—L——;)xg"XCI’=SxSCx
sC  S¢

( -S—_%-s —_— .S.-'-%}:,, xgxCL T herefore the moment
of the two equal points g and g’ to caufe the point I

to turn about the centre G, is S xS C X .—-_{_-; _ -.f-_-s-)
, Sg  JSC

1 I
X ¢ C1 SXSCX e __.:_—_—_—;)X xGI:
gx + (S03 b-gl g

. I T
gXCIXSxSCx(E? -Sz,g) |
If the points 5 and o' be taken equally diftant from

the points D and D', as the points g and g, it will
likewife be found, that the moment of the equal
points 5 and o' to caufe the point I to turn about the

_— — I 1
1 p N T e—— = »
centre C, isyx CIx S x3C x (b~—,7, ""‘S'ya> v%
TIxSxSC 1 I
' x , ey e R
(J -l X X Sg! Sg/3 '
Therefore the moment of all the four points to-

gether, g, g, 9, 7> to caufe the point I to turnabout
1

— 1
_ is(g— xcszxscx(;—;—-.:;
the centre C, is(g—7) Se 5% )

which
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which becomes = o when the point gcan be taken =
=, as may be done throughout the whole extent of the
circle PE P'E'P;butifthezone EP'E'PEF'E'FE
be taken away from this circle, to have the true figure
of the earth, we (hall have g = gf % gr,and g =
—9f %y g taking the points g and o for the ele-
ments of the zone, and g— o =g f X;E-—-g'—'_;:
becaufe o f = g /-

Let the lines C S and C P, or CE, be called s and
a, refpeCtively 5 theradius 1, or unity ; the fine of the
angle SCP, V; its cofine, or the fine of the angle
SCE, u; CK, x; gK,y; 6m 25 oM, 2'5gf
oryfs du; PF,aa; wefhallhave g =2az; 4,
= a 2 (by the property of the ellipfe) ; alfo calling
gr, r; and o p, o5 and regarding the little triangle
£ n as a right-lined one, and fimilar to the triangle

g Cm, we fhall hayve » = ; x a z, and likewife p =

2z /
a

By the proportion of fines to the fides of triangles,
we thall have yG =y 7: CN=xu. Finally, if
we confider the point §, or the fun, as at an infinite
diftance, we fhall have S g =S8 K=8SC—CK =
§ — X, and Sg’:SK:: SC+CKY=5+.X~
I 1

q 1 - — - [—
Therefore 3?— P p— and 5

I I I
=. ThCl'CfOl?C =7 m——y

£ =+ 36% + 354° + & S¢St
Ddd 2 65*x
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20 3
65°x + 2x and, rejecting the infinitely {fmall

($—xP x (s+ %)

magnitudes, = ad
g y s+ *

Therefore the moment wherewith the four points
2, &' v o/, caufe the point I to turn, will, by fubfti-
tuting in the place of the letters their analytical va-

lues, be (pdu—rdu)xSxy xg—;f; or putting, in-
ftead of pandr, the values above found, we fhall
have for the moment ( ;z’z' -—-:-zz)x duxSxyx

6x 6aS ' /

F:-T';;-xyxdux(z i-z)x(z——z) But
2=y Mt+gm=29G=2yV;andz’ —=x
=gM-—gm=2GM=2CN=2xuThere-
fore (2' 4 %) x (2' — =) =4 ¥ uxy; and the mo-

. s 6a$
ment is —%«x‘;.Vu xxxy du=— -;;}-xzq.Vuxxxdxu.
But in the circle D g I we have ydu = a d », and
the moment is %§X+Vu xxxydx:%gx4.7/uxdx
Vaa — xx. But the integral of ¥* dx Vaaxx is ¢
aafdxx/aa—xx—-i (aa — x x) %, and when

x = a, this integral is § 22 ['d x V aa— xx, or, cal-
ling the ratio of the circumference to the diameter -,

we fhall have /'d x V aa—xx, or thearea of the qua-
drant whereof & is the radius,= } g7 x ta=3%4*».

. 6a'S
Therefore the integral of 5 X4Vuxxxdx

Viaa
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v aa—zxx, or the fum of the moments of all the points
which compof¢ theellipticzone EP"E'PEF E FE
. 6aS Vumxrat
is X —

53 4

If the terreftrial {pheroid be cut by any plane pa-
rallel to the plane P E P' £’ P of the circle of de-
clination, fig. 1. #°2. the feGion will be an ellipfe
fimilar to the elliple E F' E' FE; and if the greater
femiaxe ¢' L of this ellipfe be called X, it will be
found, as has been already in theellipfe E F' F FE,
that the fum of the moments of all the points of this
6aS VurX*
X

It has not been taken into confideration, that here
the centre S of the fun is a little below the plane of
the fection, the line ¢’ § making an infenfible angle
with the line CS.

Calling C ¢', Y'; the moment of all the feGtions pa-
rallel to E F'E' F E to turn about the axe C ¢’ will
£3 aS VurXt

RN

ellipfe to turn about its centre C, is

be the integral o x d Y, or the inte-

%ﬁ Vu?rx (aan)’xdT:—_ﬁng-—uwx

X
2 53 2

(*d Y —20* Y* AT+ T*dY), and this integral is

%yx V: =x (a*Y—3a* 13 45 I%); and when

gral of

asS Vunr

Y = a, the integral is i;;—- X x 5 a%. Thisis

the fum of the moments of all the points of the
hemifpheroid of the earth formed by the fection
E P'E' PE of the circle of declination, and the fum
of the moments of all the points of the whole {phe-

roid
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S ~
roid to turn about theaxe ' is i—;— x? umx & as,
Which was to be found. '

COROLLARY,.

2. If it were required to find the fum of the mo-
ments of all the points of a fingle crown ELQ E'Q'E,
fig. 1. n°2. placed at the equator, and detached from
the earth, to turn about the axe 9 Q' of the circle of
the fun’s declination, the thicknefs of the crown be-
ingaa:

The moment of the point L to turn about ¢'is the
fame as that of the point ¢ to turnabout C; as is ma-
nifeft from the refolution of the motion according to
S L into two, Ly, and 9 §*; and from the great
diftance of the fun 9 S will not differ from L §; the
triangle L o § being right-angled at 4.

By the preceding problem, if ¢’ I, or C 7, be called
X; and C¢', T; and all the other denominations of
that problem be retained ; we fhall have o x = X «,
and C x=X V.

And the moment of the point 4 is 9 x

- 1 1 XV
yrx 8 x SCx (ﬁm.j.—a—;)—_—:-},quxng’ =
And putting inftead of o, the element of the crown,

which is aaxdu, calling, in this cafe, 4 # the ele-
ment of the circumference £ L Q E/, the moment

of an element of the crown will be az x %S' xVux

* “The lines § L and %§ are not drawn in the fiz. to avoid con-

fufion.
XXdu
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XXdu. Butinthe circle E Q E'E we have, Xd#
== a d Y; therefore the moment of an ;kmsnt of the
3

. S o
crown iIs aaz x3-§ xVuxaxdT:—..—;; x ag2 P u x
53 v

dYVaa—1717; and the fum of thc moments of

the quadrant E L & of the crown is % xaa® V ux

s ,
ra 7 X fa::f? xaVuxixat. And every other

quadrant of the crown having an equal motion, the
fum of the moments of all the points of the crown,
to turn, 1n vertue of the folar alion, about the axe

2,2:: is %‘;‘S‘Xay” X o at,

ProsrLem IL
3. To find the fum of the moments of all the points of
the terrefirial fpberoid turning about the axe QQ,
-the motion of the point E being given, and = u.

‘We mutt firft feek the fum of the moments of all
the points of the ellipfe £ F E'FE, fig,1. #°2.
turning about its centre C; and to have'the fum of
the moments of all the points of this ellipfe, we fhall
firft find the fum of the moments of all the points
of the circle EP' E' P E, and then we thall fubdu@
therefrom the fum of the moments of the whole el-
liptic zone EP'E'PEF E' FE.

The miotion of any point of the circle E P'E' PEC,

placed at the diftance x ﬁfom the centre C, will be;x- w3

the motions being here in the fame ratio as the di-
4 ftances
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ftances from the centre, fince all the points com-.
pleté their revolution in the fame time ; and the mo-
ment of all the points which compofe the circum-

ference 2 7 x will be 2 7 xx™ 4 % x; the moment
h .

being produced from the mafs by the motion, and by
the arm of the leaver. ' _ '
Therefore the motion of all the concentric circum-

. : . . f2rpm
ferences which compofe the circle, 1sf : Exxtdx

W: X X4 = f-’fa—" x a*, when x = @, as for the
circle E P'E'PE. .

To have the fum of the moments of all the points
of the elliptical zone E P'E' PE F E' FE, all the
points of the zone may be confidered as placed at the
diftance 4, from the centre C, and having, confe-
quently, the fame motion as the point E, becaufe the
greateft thicknefs P F of the zone is very fmall.

The fum of the moments of thezone will be equal
to the quantity of matter multiplied by the motion
p, and by the arm of the leaver ¢, or 24 7 x Jaux
M Xd=r7 M aasl,

~Therefore the fum of the moments of all the
points of the ellipfe E F'E'F E turning about its
centre C, the motion of . the point E being u, will be

27K 04— 7 2 ad
T )

U
=

Tt will likewife be found generally, that the fum
of the moments of a fimilar ellipfe, of which ¢’ L,
or X, is half the greater axe, and which turns about

' N T Mma
ts centre €', 1s M Xt TE X,
' 4 4 Therefore
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Therefore the fum of all the fimilar ellipfes which
compofe the terreftrial hemifpheroid, is / %2 X

rux Xt dV=2"22 1 uxf(6a— YY) xdl,

24
which, as has been feen at the end of Prob. I. when,
after the integration 2" has been made = 4, will be
1—24

2a
of all the points of the terreftrial fpheroid will be
(1=22) x 7 u x £ a*.  'Which was to be found.

7 u % ¥ a5, and multiplying by 2, the fum

CoROLLARY.

4. If you would find the fum of the moments of
all the points of the ring E Q E'Q B, fig. 1. n°2.
turning about the axe QQ', :

"The moment of anelement L of the crown placed
at the diftance X from the axe of rotation  Q’, is

aadu x ’i‘;—}f x.X, which is the produét of the quan-

tity of matter by the motion, and by the arm of the

leaver. But in the circle £ Q E' E we have, du E:—;g‘;
therefore the moment of an element of the crown is
aaux X d Y, whofe integral, which isaz u xaax,
gives the fum of the moments of all the points of the
crown. Which was to be found,

Eee Pro-
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ProsrEM IIIL

5. Having given, the moment wherewith the earth

turns about the axe QQ of she circle of the fun's
declination, To find the motion of the pole P, or,

wbich is the fame, of the point E in the plane of the
circle of the fun's declination.

By Prob. 1. the mament wherewith the earth turns
about the axe € Q, by the action of the fun, is -3—;

xawy %L as,

By Prob. II. the moment wherewith the earth
turns about the fame axe C &, the velocity of the
point P, or of the point E, being w, is (1—23) x7 x
x % at,

We thall have thcn’-‘?;—j—- a7y &% a5 = (I—22)
Xt ‘ig‘f ?1‘“ ; whence we get u == And

this is the motion of the pole P, or of the point E,
about the centre C. Which was to be found.

COROLLARY.
6. In like manner, the moment wherewith the
crown B QFE Q E turns about the axe 22" being

given, the motion of the point £ may be known.
For,

By the Coroll. of Prob.1. the moment of this
crown, turning about the axe C&) by the action of the
S

fun,is%-;— XagyuXat

By
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By the Coroll. of Prob. II. the moment of this
crown is alfo a a u x a* 7.

, : S g
We have then %—xawpﬂ'xa‘f-'_-.-aa,,,xa’-w;

N .
whence we gét u = f—; x-a@ y 4., Which was to be
found.
Remark. 1t is proper to obferve, that the motion

of the point E of the crown is the fame, whether the

crown be entire, or there be no more of it but the
point E.

For, by Prob. 1. the motion of any point g, paral-
lelto C'§, fig. 1. 7° 2. and refpectively to the centreC,
is §x5Cx (:..I——; — .—_I—_—;), which is=S>¢3;§; and

B3 SC 0
when the point g becomes the point E; we have
x==ay, v being the cofine of the angle D C E.
Therefore the refpective motion of the point E pa-
rallel to the motion CS of the centre C, is § x %";

and refolving this motion into two, the one according
to E C, and the other perpendicular to .E C, this latter

- willbe == ng}‘fi_'( x%g :%ﬁ @ v u; being the fame

as that which was found for the point E when it is
united to the crown. '

This fhews that the motion of the other points of
the crown produce no alteration in the motion of the
point E, which is owing to this; that all the points
of the crown have the fame angular motion about the
axe €2,

Eee 2 Pro-
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ProsreEM 1IV.

2. To find at every inflant the variation of the place
of the pole of the earth. ?

The earth has two motions of rotation, the one
about the axe of the equator, which is likewife the
earth’s axis ; and the other about the axe C Q of the
circle of the fun’s declination ; this motion is caufed
by the fun’s attion on the redundant matter about the
equator.

The point E, fig. 1. #° 2. which is the interfection
of the circumference E £’ Q' E of the equator and
the circle P E P'E' P of the fun’s declination, will
therefore have at every inftant two motions, whofe
directions are perpendicular to each other.

The former of thefe two motions, which is the
diurnal motion, is uniform ; and if we call it », the
fpace run through in aninftant, d#,is m d¢; the mo-
tion being always equal to the fpace divided by the
time, or the fpace equal to the product of the time.
Alfo let E e be that {pace. '

The fecond motion of the point E which is per-
formed in the circumference E P E' P' E of the circle
of the fun’s declination, and arifes from the a&ion of
the fun, is continually accelerated, from the continual
application of the fun’s action; and if we call the
initial motion g, at the firft term of the inftant, dz,
or the increment of the motion, the motion at the end
of the inftant ¢, is u 4 #; and the fpace gone thro’
uniformly by the motion during the inftant 4z, is
pdtxdtyor wde*, Let E¢ be that fpace.

The
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The point E, in confequence of thefe two motions
together, E e and E, circulates neither in the cir-
cumference E  E'Q E of the equator, nor in the
circumference E PE'P'E of the fun’s declination.
But if we form the reangle E e ¢ ¢ E, the diagonal
E ¢ will be the elementary arc of the circumference
E ¢ g E' E wherein the point E will circulate; and
the angle ¢ E ¢, equal to the angle Q ¢ ¢, equal to
the angle P' C ¢/, will be the angle whereby the pole
P’ is elevated, and the pole P deprefled, below the
circle of declination, by moving in the circumference
P'p' Q q P p P, whofe plane is perpendicular to the
plane of delination; and the point p' is the true
place of the pole at the end of the inftant 4 £, and
the fmall arc P’ p' exprefles the inftantaneous varia-
tion of the place of the earth’s pole. Which was to
be found.

CoroLLarY L

8. The fimilar fectors ¢ E ¢, 9Cyq, or P'C ﬁ',
whofe three fides of the one are each parallel to the
three fides of the other, give this proportion, E ¢ ;

ee’orEe::CP‘:P'p'::E—;x C P' = (by the

preceding Prob.) to pd? cp =" ¢, a. But

mdt m
S .y
by Problem IIl. p. = i’ (Ia_a_z"a;‘; therefore P'p' =
382av% L ,sdt=Ayuadt, making A
sxmx(1—2a)
38aa

= $* Xm X (1 ==2a) c
OROL=
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Cororrary II

9, If, inftead of the terreftrial fpheroid, we fup-
pofed only a fingle ring, it would be found in like
mananer, that'the pole P of fuch ring would fhift its
place: during the inftant 4 #, by running through the
arc P'p' =—EE—§'x CP =-—-’-"-£-;53<a. But then we {hould

take the value of  as in Coroll. of Prob. III. whichis.
%:—S-, XadyHU, ,Therefore' we ﬂ]an have P* PI — |23 ’Z t

X 3= 33‘? 2 yuadt,

sSxm ,
To apply, then, the formula of the preced. Corolls
it will fuffice to make - 2 v in that Corell, = 1. for

then the formula of Coroll. 1, becomes the fame with
that juft now found in this Coroll.

This will be of ufe hereafter for applying the far
mule of the motion of the nodes of the terreftrial
equator to the motion of the nodesof a moon or fa-
tellite of a planet.

Cororrary IIL

1o. It fhould be- well obferved in the preceding
Coroll. that'the direCtion P’ p' of the pole P'is ever
parallel to the diretion Ee¢ of the point F of the
equator, fince they are both perpendicular-to the plane
of the circle of the fun’s declination, and the di«
rection P'p’ goes on the fame fide as the dire@tion Ee
of the point £, which is placed on the-fame fide of

the
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the pole P!, with refpect to the line § C P, and the
dire&tion of the oppofite pole P, goes on the fame
fide as the direGion of the point £ of the equator
which is placed on the fame fide of the pole P with
refpe@ to the line S C.D'. This thould be carefully
attended to in regard to the following Problem.

ProBLEM V.

11, 70 determine at every inflant the motion of the
pole of the earth with refpelt to the ecliptic,

PP, fig.2. n° 1. ¢ n° 2% is the earth’s axe ;
T ® @ ¥ reprefents the ecliptic;  E p E S isthe
tangent plane to the pole P, and parallel to the equa-
tor; the line D & D" is the interfetion of this plane
with that of the ecliptic, and is tangential at the com-
mon point % to the circles 3 E'p ES and 7 % = vy,
The angle P C o is the angle of inclination of the
earth’s axe to the plane of the ecliptic, being like-
wife the folfticial angle. The earth, by its diurnal
motion, turns about the axe P’ P according to the
order of ® E'p E % ; and the fun, by the annual
motion in the ecliptic, moves according to the order
of v mw,

Let § be any place of the fun in the ecliptic. By
Art. 10. the motion of the pole P making the acute
angle P C S, will be according to P p perpendicular

to the plane PC § D P, and confequently to the line
P D.

® Note, That the fig. n° 2. is only to reprefent the circle
ﬁ$ B p 3, which could not be reprefented but by projeétion in
ig. 79 I

5 Forming,
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Forming, therefore, the rectangle P M p R, the
motion of the pole according to P p will be refolved
into two, according to P R and P M.

"The motion of the pole according to P R is pa-
rallel to the plane of the ecliptic, and to the line of
the nodes ¥ C=. This motion tends to move the
pole P about the axe of the ecliptic, and in a parallel
to the ecliptic, and caufes the equinoctial point v to
recede, and the point ¥, and the node =, to advance
towards the fun ; which produces a preceffion of the
equinox equal to the angular motion of the pole P
about the axe of the ecliptic j for it is indifferent
whether the pole P of the earth moves about the axe
of the ecliptic, whilft the plane ¥ & = v remains fix’d;
or the fame be fuppofed to be fix'd, and the plane of
the ecliptic ¥ ® = ¥ to turn about its centre C, and
the axe of the ecliptic. o

If we take another place §* of the fun at the fame
diftance from the folftice &, but on the fide contrary
to §, the dire@ion of the pole P will be, by A4r¢. 10.
according to Pp*,perpendicular to the plane PCS* D P,
and confequently to the line P D*; and the fun’s de-
clination being the fame in D*as in D, the motion
P p* will be equal to the motion P p.

Refolving the motion according to P p* into two,
according to P K and P M, the motion according to
P R produces the fame preceffion, and with the fame
fign, or the fame direction, as when the fun was on
the other fide of the folftice @, and in D; and the pre-
ceffion is ever the fame at every quarter revolution of
the fun,

The motion according to P M’ caufes the fame

variation in the inclination of the earth’s axe to the
ecliptic,
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ecliptic, as when the fun was on the other fide in &,
but with a contrary fign, or diretion ; and the fum of
the lines P M/, from the folftice & to =, will be the
fame as the fum of the lines P M, from 7 to %, but
with a contrary fign: fo that the angle of inclination
of the earth’s axe to the plane of the ecliptic is con-
tinually increafing from ¥ to &, and then decreafing
from g to = ; and as the diminution is equal to the
increafe, the inclination becomes again the fame in
2 as it was in 7", having undergone an ofcillation
whofe period is fix months.

Whilft the fun paffes from = to v, there are the
fame motions of the pole, as whilft it was pafling from
% to =,

Thus is the motion of the pole determined at
every inftant, with refpet to the ecliptic. Which
was to be done.

ProBrLEM VI.

12. To find the quantity of the preceffion, or, which
is the fame, the arc of the parallel to the ecliptic
run through by the pele of the earth P in the fpace of
time the fun is pajfing from the equinox to the [ol-
Sice, or from the folffice to the equinox ; which
may be taken jfor a quarter of the time of the fun’s
revolution about the earth ; the angle comprebended
ovetween the equinox and the enfuing folftice differing
but by an infinitely fmall quantity from 9o degrees.

Calling, as in Prob. 1. the femi-axe C P, a; f..2.
7° 1. ¢r n 2. the fine of the angle PC S, or PCD, Vs,
and its cofine, or the fine of the fun’s declination, « »

Fff Let
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Let Pa, be 4; Co,r; we fhall have C.D =

PD= g V; thedifference 85 of the atc 1 S, which is

rrdeD
DX@D
as is found by thefe two proportions, #: Ss:: C D
s Do=C02xT5 i p,=EDxTs,

r

dCD:Cs=r:sD; WhenchehaveCDxSs

x:-f)—-rrdeD and és-—-erdC‘D
CDxs D
rdu

I/;‘__--n (putting inftead of C cD and § D, their

the fun’s diftance from the node v, will be

%
e

o—

lel

values and Vaa ) == to the fpace run through
unw

by the fun § in the eclipticin an inftant, = 247 x 22 df

calling T the time the fun employs in running thry’
the whole circumference 2 7 7.

Whence we have 4¢ = .T X rdu T

—— SRS e,
2xr Vaa--w; 27

rr

du
Vaa—- uu.
rr
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By Art.8. wehave e Pp= AV uxadt; there-
fore, by Prob. V. the inflantaneous preceflion witl be

P . . 4
AVuxa'de';j_,—};, or A‘Vuxadtxf_;, the tri-

angles P p», P D s, being fimilar, fince the three
fides of the one are perpendicular to the three fides of
the other.  Putting, therefore, inftead of ? D, Pa,

and d¢, their values above found, we fhall have the

ab T VY aa—uu

— X e ——

a¥ % o o

—

infrantaneous preceflion =4 ¥ u x

U

T wudu uudu
== Abx <= X i, But Pt X e

27 Vaa— uu [V 4G —ee it

rr rr
v u‘\/aa—--w&-{-,- fduVm——.-uu,- or*ﬁmply = feopmm
- ‘ - " AUl
rr rr —
rr

when ,,,_—_:., as it happens when the fun is in the fol-

fiice &, and then / du Vf;d_-—uu', which is the area
rr

of a quadrant of a circle whofe radius is ‘;’, will be

ax a4 __ aanm

27 27 grr

~ Therefore the preceffion, whilft the fun is paffing

e g1. T aa T
from v t0 %, 08 Abx — x—" =.Abx —x.f..a_;
2w qirr 2 4rr

Fffa and
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and calling €' H, which is = the radius of the circle
parallel to the ecliptic which the pole P runs thro’,

g; we fhall have g = f;f, and the preceflion 44 x

T, 92 il be likewife 4 6 x Ty £, Which was
2 4.7'7' 2 4,"

to be found.

And this alfo is the quantity of the preceffion
during the time the fun pa%‘es‘ from the folftice to the
equinox, or generally, during the time of each qua-
drant of the fun’s revolution ; as was feen in Prob. V.

Remark.

13. The difference of the fun’s diftance § 7 from
the equinoial point, is equal to the arc the fun goes
through in the ecliptic, when the node 7 is fix'd, as
was fuppos'd in the foregoing Preb. but when the
node v moves in the ecliptic the contrary way to the
fun’s motion, the difference of the fun’s diftance from
the node is equal to the arc gone through by the fun,
increafed by the arc gone through by the node v.

Therefore always taking S s, fig. 2. #* 1. for the
difference of the fun’s diftance from the node, we fhal}
have § s equal to the arc defcribed by the fun, more
by the arc defcribed by the node.

But, by the former Prob. we have feen, that the
arc run through by the pole P in an inftant 4 #, and
ina parallel to the ecliptic, whereof g is the radius, is

AVuxadtx B2 = avux®Oxdr= Abuude.
PD aV

U
The arc run through by the node 7 will be thben
Abu
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Abuudtx g, fince thefe arcs, which meafure equal

angles, are as their radii g and 7.
We fhall have, therefore, in the above Problem,

S, or ri’-‘-,::zwrx-é-f+déuaxtdt;

V ag—uu I g

rr |
whence weget df = Tde = 7
2oV as—uk 4 ghuyx-
rr ng
But——— -‘--—.:_x—-_Abuux;—'-ﬂ-‘-—-i-,&’c.
1+Abuux‘-2—-- T8

T8
~where the other terms may be negle@ted which con-
tain the powers of 4, becaufe 4 is a very fmall fra-

Ction. ,
We fhall have, therefore, d # == Td_f__—-_-_- x
27V aa—uu
rr

(1—Ad buux --7-:..), and the inftantaneous pre-
2ng

ceflion will be 44 x'-g: X ___zgtd_g X T==Abuux
2r _c_z_a-uu
re

;-‘!—2) whofe integral for the firft term, in the folfti-
-

R a . T aar
cial point, where u= -, is 4/ 6x — x —, as was
r 27 rr’

feen in the preceding Problem. But the integral of
wrdu
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wdu. .
V aa—uu oy rr
re

aa e : . gaa

43 ;-;/'a’u\/g—-w, or fimply, =4 ;;fd %
V aa—uu, when we fuppofe, after the integration,.

rr _
¢ =u ; and =3 224 =3Zx 227 Therefore
ro rro2r  rr o 4rr
the preceffion from the fun’s departure from the equi-
nox till his arsival at the folftice, is 45x 2 x 2% «

' 2 4rr
T aa. ... _aa’) ,

(1—dbx 2 %12 ) =(gbeing =% ) 44x
T. 8 7 s
-i;x ;x (1A b x pys x £).

When the motion of the node is not very fenfible,
it will fuffice to make ufe of the formula of the pre-
ceding Problem, which is the firft term of this: But
when that motion is fenfible, which is the cafe of the
moon’s node, when it is to be determined for a quar-
ter of the revolution of the fun, it will b requifite
to employ this formula, which contains two terms of
the feries.  Nay, it would be very eafy to take a greater
number of terms, fo as to negle& nothing ; but this
would- be abfolutely ufelefs; becauft of the quick con-
verging of the feries,

Pro-
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Prosrem VIL
24, To find the alteration of the inclination of the
earth’s axe to the ecliptic, during the fun's paflage
from the equinox to the folftice, or from the fol-
Sice to the next equinox; which is the fame, only
affected with & contrary fign, as bas been feen in
Prob. V.

By Art. 8. we have a Pp=_AVux adt;and by
Prop. V. the inftantancous variation of the indlination
of the earth’s axe to the eclipticis 47 u x4 d ¢ x
PM : sD -

— =AY ux £ X ===, becauft 1
P = ad » -i.):.—_b—, béc eof thé fimilar
triangles P p M, P D », = (takingthe denominations

T rxdCD e D

£ Prob. V1) AV 5 X aX—Xomeen il AV
o ) 2r CDrsD PD T4
e 7")(1?
fz-x édcf__ =AV ux gx vy T
2r CDxPD = 2w ar & 2z
| o P

x u d u, whafe integral is T A rx }:.x ut; and when
. rabdied

the funis at the point ®, wehave 1 : % :: r: 4, and

a =ru; theretore the preceding integral is then
s Ax—L x a4, Which was to be found.

27r
Remark.

15. When the motion of the node is not infenfible,

you are to take the value of 47 of the Remart that

follows
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I dCD
follows .A4r#. 12. which gives d7= %x%x ;?Qx

(1—d b x T 4 u), and the inftantaneous varia-
2rg

tion of the inclination of the earth’s axe to the ecliptic
wi].lbeArxz xudu X(I—Abxixuu),
27r 27

-whofe integral, when the fun arrives at the folftice,

‘where we have 7 # =4, becomes + Aaax

—b

-‘;A'f‘x T owasx L = (becaufe g =fz-f)
r 2xr 27 g r
1 Adaax T x(1—+.4bx —q;), and this is
27ar o 2nr
the formula. to be made ufe of when the motion of
the nodes is fenfible.

SECT IL

Of the motions of the pole of the equator of
the earth canfed by the action of the moon.

16, Whatever has been faidin Sef7. I. of the pre-
ceflion, and of the ofcillation of the earth’s axe on
the plane of the ecliptic, through the acion of the
fun, is equally applicable to the a&ion of the moon ;
it being requifite only to fubftitute every-where
tae moon inftead of the fun; L inftead of S, and
A inftead of s; the time which the moon em-
ploys in completing her revolution about the earth,
inftead of the time the fun employs in pcrformilr:g

is
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his revolution about the earth, or A/ inftead of T?
Laftly, the lunar orbit, inftead of the ecliptic. Like~
wife, inftead of A, which (Arz. 8.) was equal to
i—“?, we muft put B = 3—3£"x LA
s'm Am 1—2a

17. We fhall find then, by Art. 12. that the are
defcribed by the pole P of the earth parallel to the
plane of the lunar orbit, whilft the moon makes one

quarter of a revolution about the earth, is B4 x -zg; <M ,
4

which gives the ar¢ defcribed by the mean motion in
an inftant, 4 7, equal to B 4 x L xdt=Rox22
2r 2rr

x d ¢; putting, inftead of g, its value ?.

18. We fhall find alfo, by .4rz. 14 that the varia-
tion of the inclination of the earth’s axe to the plans
of the lunar orbit, when the moon is at its point of
ftation 9o degrees diftant from the node of the equa-
tor with the lunar orbit, is + B x -2-]-‘% x a a; whereby

m
the angle of inclination of the earth’saxe to the plane
of the lunar orbit is increafed when the moon is at its
point of ftation. '

19. We therefore fhould have nothing to add, if
the plane of the lunar orbit were the fame as that of
the ecliptic, or if it always retained the fame pos
fition : Eut as this plane continually varies its pofition,
and its pole defcribes a fmall circle about the pole of
the ecliptic, from whence it is always about 5 degrees
diftant ; it ftill remains that we examine what is the

Ggg pre=
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preceflion eaufed by the moon, with refpet to the
ecliptic; which may be done by refolving the mo-
tion of the earth’s pole, parallel to the plane of the
lunar orbit, into two motions, one whereof is parallel
to the plane of the ecliptic, and the other perpen-
dicular thereto, and which varies the inclinatiop of
the earth’s axe to the ecliptic. This is what we fhall
determine in the following Problem.

Prosrem VIIL

20. Having given, the motion of the pole P of the
earth parallel to the plane of the lunar orbit, to
find its motion parallel to the plane of the ecliptic,

* C Py fig. 3. 1. & n° 2, is the femi-axe of
the earth. The plane of the figure is the plane of
the folfticial colure; €' Z is the axe of the ecliptic,
confequently perpendicular to C 5 ; % the folfticial
point, and PC = the folfticial angle: P Z is parallel
to C %, and perpendicular to € Z'; and it is equal to
the line CH of fig. 2. 'Thecircumferencc /, 7, 12, I*,1
is the circumference defcribed by the pole, /, of the
lunar orbit; L, L', L*, L’ is the fe&ion of the cong
CJ, I I I I prolonged, by the plane that is tangen-
tial at the pole of the earth, P. =

Let /* be any place of the pole of the moon’s orbit.
If upoti the point P be ereGted P R, perpendicular
to the plane P C/F, this perpendicular will be the di-
feCtion of the motion of the earth’s pole, parallel to

* The lines which are in the plane which touches the earth’s
pole /, are feparately reprefented in fig. 2. #° 3.

1 the
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the plane of the lunar orbit, the plane P€ J° being
perpendicular to that plane, P C/° being the axe
thereof, _ :

Letting fall from the point R the perpendicular
R M upon the line & P Z. the motion of the pole
of the earth according to P R may be refolved into
two; the one according to P M, the other parallel
and equal to R Af; and this latter exprefles tﬁe pre-
ceflion with regard to the ecliptic, and the former
gives the alteration of the inclination of the earth’s axe
to the plane of the ecliptic.

The motion of the pole reprefented by M R, which
gives the preceflion with: regard to the ecliptic, is al-
ways on the fame fide during the entire revolution of
the pole of the lunar orbit, and is the fame on either
fide the point / at the like diftance from it ; the motion
according to PR being then the fame, and always on
the fame fide, as has been explained in Prob. V.

* The motion according to P M is the fame on
either fide of the point / at the fame diftance from it,
but with a contrary fign, that is, in an oppofite di-
reCtion. For it is manifeft, that if another point, as
/°, be taken on the other fide, and at an equal diftance
from the point /, the point M, where the perpendi-
cular R M falls, will be on the other fide with regard
to P, than the point M, fince the angle RP Z,
which is here- obtufe, will then be acute, and lefs
than the right angle of an angle equal to L° P Z'.

* The point /° placed on the other fide of the point , that is,
between / and 2, is not marked in the fig. nor the point A4’ where
the perpendicular K A1 falls; for the fake of not embarraffing the
Jg. with too many lines, it being eafy to conceive.

Ggg 2 For
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For this reafon, the motion according to P M muft
produce an ofcillation of the earth’s axis, whofe period

is the time of an entire revolution of the pole of the
lunar orbit about the pole of the ecliptic.

ProerLeEm IX.

21, To find the quantity of the preceffion caufed by the
moon with regard to the ecliptic; that is, the arc
parallel to the ecliptic, run through by the earth's
pole P, during the time of a femi-revolution 1 1' 1*
of the pole 1 of the lunar orbit,

Let there be drawn the lines N K, /° K perpen-
dicular to the axe of the earth C P, and parallel to
the lines NP, PP, fig. 3. no1. & n° 2

The triangles PR M, 4’ NL, K N P are 1i ght-
angled and fimilar ; for the three fides of the ﬁrf’c are
perpendicular to the three fides of the fecond, and
the three fides of the fecond are parallel to the thre¢
fides of the third,

Still retaining the foregoing denominations, let
gl=x; ZN=2z; PL=g, as in fig, 2. the
lipe CH; CZ=f; €lor ClI° = C,

We thall have NP’ =Vx—z2; NP=g—2z;

J-{xg-—z,g fxg—}—» when the point /¢

lies on the other fide of /'; PR = gxg—-z, orgx

2+ = when the point /° is on the other fide of l‘
The triangle C'/° K is here fimilar to the triangle
whofe three fides are reprefented by the letters 4,5, 7,

fince
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ﬁnce—ﬁ—\ exprefles here the fine of the angle of in-

clination of the earth’s axe to the plane of the lunar

orbit, and ;—is its cofine ; we fhall have then /° K =

P ) r @

aa—ggtgz _J/+gz or ff—g= when the
ps 2 > ¢ p ’ ¢
T RM
point ° js on the other fide with refpe& to /*3 TR
NK % X g3 ‘éxg—{—z
== o —— for the other fide
o r
of I*; }_;-/_l;{=—1:—7—l—= v e Laftly, the differ-
PR K —
ac
T
xdz —2rn

enceof thearc ' I°=d u =

| Vo —2s T
x dt, calling # T the time which the pole of the lu-
nar orbit employs in performing its revolution in the
circumference 2 7 x, whence we get 4¢ = %I X

dz
V?C =5 z.
The fpace run through in an inftant 24 by the pole

P of the earth parallel to the plane of the lunar orbit
being
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being by Art. 17. = B b % Z—»—-—z x d t; and by Prob,
VIIL the fpace run through paralle] to the plane of

x

e aa 1 )
the ecliptic, will be B & x =X dtx o= (by the

. o e aa nT dz
preceding denominations) Bb x— X — X — ,
- xg___z 3

nT d=z e
= BX=X—X—e—e xf’fg z,
ac r 4w Vmc —_— R ¢

LY b . .
and putting inftead of o s value, which was found

to be%f, we fhall have B xz;x;% xff+g=

dz . .
X g =32 X ——====——x; and when the point /° is on
A — BB

the other fide with regard to /', we fhall have Bx 7—2?

4w
S

ace

Xff—g% Xg+ T X -—-—-—-—‘?-f__—-__-.- Therefore
Voux — 22 ,

always taking the preceffion for the two points to-
gether placed on either fide of /*, and at an equal di-

ftance from it, we fhall have, by joining the two values

p 4

now found, after making reduction, B x nT X f

47 aa

dz nT fg

28//— 2883 K —— or Bx — x12x
gj £ ’ Vxx-—zz’ 27 aa

dz

TSI

A = % But

ff— 22X =




[ 4231

But the integral of ffx — d'_z___ =‘[f A
dz . jf[x_:(,

Viir — 23 x
- £

— s - = 1L 7, when we take
V%K it > 2® 2 z

all the points /%, from /* to /; and the integral of
z2dz —_—
——————, which i§ — 2 Vxx — 224 [d=2
Vox = 2}5, %x +‘/
Vix — 223 When, after the integration, we make

g = x, becomes / d 2V xx — zz, or the area of

the quadrant /* 2/, which is = LT E_RET
| 2 2
: inteoral of B x 7L & < 77
Therefore the integral of B x T XGaxff— =z

dz_.,.__gis=Bx:z-7:x'I£x f__}iz'__m)

b

Vo = 33 3y ace 2 4
_Bx@xié’.x(f_‘f_ﬁ =Bx’—z-‘z-'ng3'x
- 2 acc 2 4 2 a2acc

(=22 ).
(=7

This is the fum of all the inflantaneous precef-
fions for all places of the lunar orbit from /to /2, be-
caufe we have always taken two points together placed
on either fide of /*.

And this is the quantity of the preceffion with re-
gard to the ecliptic, during the time of a femi-revolu-
tion of the lunar orbit, Which was to be found.

Pro-
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ProBrem X.

22. To find the quantity of the nutation, or of the
wariation of the inclination of the earth’s axe to the
ecliptic, caufed by the moon during the femi-revolution
V1 1* of the pole of the lunar orbit.

The fpace run through in an inftant 4 ¢ by the
pole of the earth, parallel to the plane of the lunar

orbit, being, by Art. 17. =B b x ;;z; xd t, the inftan-

taneous nutation for any one place /° of the lunar or-

o . aa PM
bit will be, by Prob. VIII. = B4 x o dtx R

= (by the denomination of the preceding Problem)
as nT d=z Viux — z2 Bxé

Bbx — x — X e X =
27 27 Vg —— 2 ac

»T d . .
<%y z_. Putting inftead of é—xts
s

2 27 Vi — T3
f+g=

value, which was found to be La =

, we thall have

n ‘z S S ——— .
2;‘rx”cx_/j-}—gzx % ; and when the point
J* is on the other fide with regard to /*, we fhall have

Bx: ”7.:_... xfj_:-gZXdz.
Taking therefore the nutation for the two points

27 X2CC
together, /°, placed on cither fide of /7, we hgve
x

B x
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nT . .
Bx ——— x 2 f fd =, whofe integral, when 2 is
27 X2CC ffdz, gra%
. nT nT
= x, 1sBx———-——-—x2ffx=Bx——x[-f-xx.
2mrX2C€C 2 CC

This is the quantity of the nutation caufed by the
moon during the femi-revolution / /* /* of the pole of
the lunar orbit. 'Which was to be found.

COROLLARY.

23. By Prob. IX. the quantity of the preceffion
caufed by the moon, with regard to the ecliptic, is,
during the fpace of a femi-revolution / /* /* of the

. nT g f 3 g, X%

pole of the lunarorbxt,Bx-z- X2 X (1=—%x 77"
By the preceding Problem, the quantity of the nu-
tation during the fame time of a femi-revolution of the
pole of the lunar orbit / /* /*, caufed alfo by the moon,

vid

. nT
18 BX“" X X 3
2 C€C

Therefore the preceffion, during the time of a
femi-revolution of the pole of the lunar orbit, is to
the nutation, during the fame time,

g.:.f _L’ﬁ) x. {
As 2ax(x Y , is to 7‘r,oras(«;'f-zrx

(1~—7% %‘”) isto 2 ax.

But the preceffion is performed in a parallel to
the ecliptic, whereof g is the radius; and the nu-
tation is performed in the plane of the folfticial co-
lure, and in a circle whereof @ is the radius: Di-

Hhh viding,
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viding, therefore, each circular arc by its radius, we
fhall have the quantity of the angle: And
The angle of the preceflion, during the time of a
femi-revolution of / /! /* of the pole of the lunar

orbit, will be to the angle of the nutation, in the
fame time,

As fr x (1—2 ’fﬁ)istoz , OF 3§ 1—%’-‘?—‘)
. f= ( J7 L 7"( ff

. 2%
is to 7—-
ScHorL1UM.

24. Whatever has been faid as to the moon and
the fun, may be equally agpiicable to all the other
planets ; but as the effe&t of the aétion of the reft of

the planets upon the earth is not fenfible, we fhall
not take it into copfideration.

SECT. IL

Of 1be motion of the pole of a ring, caufed by
the attion of the fun: or of the motion of
the pole of the moon’s orbit.

25. We have feen, in drt. 9, that if, inflead of
the terreftrial {fpheroid, we were to fuppofe a fimple
ring placed at the circumference of the equator, the
motion of the pole of fuch ring would be found by
the fame formula as that for the motion of the pole of

theearth; fuppofing only,in that formula, 2

Tomem2

=1l.

By
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By this means we may apply all the formule
which have been found in SecZ. L. to the motion of
the nodes of this ring, and to the alteration of the
inclination of its axe to the plane of the ecliptic.

But by the Remark on Art. 6. the motion of the
plane of this ring is the fame, whether the ring be
entire, or there be only a fingle point which circu-
lates in the ring’s circumference : Whence it fol-
lows, that

Thefe fame formule do likewife give the motion
of the pole of the orbit of a moon or fatellite ; the
motion of the node of the orbit of fuch moon in the
ecliptic 5 and the variation of the inclimation of its
axe of the orbit to the plane of the ecliptic: Ob-
ferving to put the time of the revolution of this moon
about the fun, inftead of the time of the earth’s re-
volution about the fun, and the motion of the moon
in its-orbit inftead of the motion of a point of the
eqjuator.

Remark.

It may be obferved, that although the motion of
the pole of a ring be the fame as that of a moon,
during the time of the revolution of the ring, or of
the moon, which is the fame ; yet there are fome
particular motions which take place when there is
only one moon revolving in the circumference of the
fing, and which ceafe to exift when it is an entire ring
that revolves.

For example; in 4rt. 2. the force, according to
Ly, fig. 1. 2. of the point L, is deftroyed by an
equal and dire@ly oppolite force of another point A
placed on the other fide, and at the fame diftance from
the point E, as the point L, when the ring is entire ;

Hhh 2 but
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but when there is but one point, as L, or, which is
the fame, one moon, which revolves in the circum-
ference of the ring ; this motion fubfifts, and difturbs
the motion of the moon in the plane of its orbit.

In like manner the force of the point L parallel to
+ C, oraccording to ¢’ L, is deftroyed, in a ring, by the
force of another equal point A’ placed on the other
fide with regard to &, and at the fame diftance as the
point L. But this force fubfifts in the cafe where
there is but one fingle point L, or one moon, and this
motion diforders, befides, the motion of the moon in
the plane of its orbit. _

Laftly, If the ring, which circulates about the
centre C, be elliptical, the motion of every point of
the ring in the orbit is proportional to its diftance
from the centre ; becaufe, on account of the conti-
nuity of the ring, all the points complete their revo-
lution in the fame time, and have equal angular mo-
tions; but when it is but one fingle moon that re-
volves, in an elliptic orbit, it defcribes areas propor-
tional to the times, and has an angular motion fo
much the greater, as it approaches nearer the centre ;
which is the contrary of the motion of the points of
the elliptic ring, the more diftant whereof from the
centre, have the moft motion. And it arifes from
hence, that the motion of the pole of the lunar orbit
is much the fame as that of the ring, taking it during
the entire revolution ; but that there is a {mall varia-
tion, or inequality, in the inftantaneous motion of the
pole of a moon ; whereas this inftantaneous motion
is conftant through every inftant of the revolution of
the ring.

I thall
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I fhall fpend no more time on the ring, with re-
{peét to thofe motions which have nothing to do with
the fubject in queftion ; but they fhall be thoroughly
difcufled, and applied, in a fecond memoir, which I
fhall publith, on the particular motions of the planets.

SECT. 1v.

Containing the application of the formule of
the preceding Seftions.

26. The motion of the fun, or, to fpeak more ex-

altly, of the earth, in the ecliptic, is 3—;: » which is
the fpace divided by the time.

27. The earth’s central force will therefore be
.2?7,753' x —, the central force being equal to the

25
fquare of the motion divided by the diameter of the
circumference in which the body moves; and the

. S cr .
earth’s central force being the force = wherewith it

is attraCed towards the fun; we fhall have i?. =
)
{ %—f xi:f%—;-j; whencewelgeté=%zr%..

28. The motion of a point of the equator whofe
radius is 4, will be, calling the time of its revolution
247, which is the fpace divided by the time,

We have therefore m =E-‘;{f

t =

29‘)
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29. By Are.8. A=33 22 _ by Artichs

S 1—2a
, 271w aa 3 a
27, 28, X i X = == e K e K bt
7.6°28)3 TTx2ay t1——2a 97 7 1—22

= (by Art. 31. following) 73-_-;-_ X X 1.
L

5

30. Putting ¢ for the ratio of the lunar force o

to the folar force :-s-:-', we fhall have %,—_— ;S, x ¢; and

B, which (by 4r£. 16.)is = 3£ x 2% will alfo be
A7 Ie=22

_ 3§ ag . 3q¢ 1
=5 Xg X— = (by th. 29.) %ﬁ.x TX IS

31. Suppofing a = 'ilz?’ which is conformable to

the obfervations of the gentlemen of the Parifian aca-
1 1
176

demy, we thall have 2 = =

I—22a 2
178 X 1--}-;-8-

ProBrLEM XI.

2. To find the preceffion caufed by the fun during
3 the time between the equinox and the folftice; that is

to Jay, in a quarter of a year, or three montbs.

By Art. 12. the preceflion, during this time, is
Abx gxf-; Putting, inftead of 4, the value

found
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found in Art. 29.- we fhall have %;-,x P x..l.,.;3 X —

ar T 3y 376 8

But é is the ratig of the fine of the inclination of
the axe of the earth to the ecliptic, to the radius, or
of the fine of 66 degrees 33 minutes to the radius,

=-2172919 . and 5 g is the femi-circumfereace of

10000600
the parallel to the ecliptic wherein the pole of the
earth moves, and, confequently, equal to 180 deg.

¢, which is the time of the revolution of g poing
of the equator, is eﬁual to one day; and Tequal to
3654 days ; we fhall have, then, by fubftituting ail the

1 the preceding formule, -3 9172919
veluea o d B 365% X 1ooooooo

1;6 X lg_ degrees. 'This is the preceffion produced
by the fun during the {pace of 3 menths.
33. Multiplying by 4, we fhall have the annual

preceffion caufed by the fun = 3 9179
36573 mooocoo

R PO S 1 TH7
176 degtees,n 54 10000000 ,88 degrees,
= (afm due redu&lon) 13% 52% 11"

Pro-
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Prosrem XIL

34 To jind the preceffion caufed by the moon, during
the time of a [femi-revolution of the pole of the
lunar orbit about the pole of the ecliptic ; that is, in

- about 9% years, or g+ x T, as T = 1 year.

By Art. 21. we have found this preceffion = B x

nT L fe —
2 24“‘ X (I X ﬁ
— 3¢ -
By 4rt.30. B= T X 7 X 7 Subﬁntutmg this
value in the preceding formula, it becomes %{- X Sx

£ LS
22 {c 1767’8‘)((1—— jf)

But‘é is the ratio of the fine of 66 deg. 32 min. to

9172919
10000000

~£ is the ratio of the fine of 8 deg. to the radius,

the radius, =

the ang]c I ¢ z, whereby the pole of the lunar orbit is
diftant from the pole of the ecliptic, being, at all

times, about 5 degrees. Thereforef ._..._.__..__.9961 947
¢ 10000000

} is the ratio of the fine of § deg. to the fine of 85

degrees, = 871 2597,

9961947 |
3 Therefore
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Therefore fubftituting thefe values, and thofe of

¢, T, and » g found in the grec':eding Problem, we
fhall find that the preceffion, during a femi-revolution

of the lunar pole, which is —Z by Art. 2 1. becomes

—gx®x 3 _x 91729!9 9961947 )’ 1

2 365% T0000000x2 <\ 10000006/ *] 176
871157) ).
x 180 deg. x (1—7 ( .
B x( 9961947

This is the preceflion caufed by the moon during
the time of a femi-revolution of the pole of the lunar

orbit, —Z-—- o5 x T.

35- Thercfore the mean preceffion caufed by the
moon during the time 7, which is the mean annual
preceffion caufed by the moon, will be, by dividing

3 9172919

the preceding formuls by =7 365 % 10000000%2

9961947 \' !8°degx( 871557 ))
10000200 176 961 947

where it only remains to determine the value of A

which, by 4rz.30. is the ratio of the lunar force to

the folar force ; and making this ratio = 3

> conform-
able to the obfervations of the tides rclated by Mr.
Daniel Bernoulli, we fhall have for the mean annual
preceffion caufed by the moon, -g x-3_ x 2172919

30 5+ 10000000X2
9961947)’ :80deg. 871557 1))
100000.0

176 9961947
== (after due reduction) 34. 16", 51""

Iii Pro-
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Propreym XIII
36, To find the nutation of the earth’s axe caufed by
the moon, during the time of a femi-revolution of the
pole of the moon’s orbst, that is, in 93 years.
fi‘
U |
of the preceffion, found in the preceding Problem for
the time E;I of the femi-revolution of the pole of the

By Art. 23, x x (1—% x 2= }is to-ziff,--as theangle

tunar orbit, is to the nutation during the fame time,
By it, therefore, may be found the nnfation, having
the quantity of the preceflion of the preceding Prob.
or, reciprocally, knowing the nutation during-the time
of a femi-revolution of the pole of the lunar orbit,
the preceflion will be known to-a geometrical cer-
tainty, for the fame time. Theratio, in numbers, is
1095798

61236

37. But-wemay alfo know the nutatien daring the
time of a femi-revolution of the pole of the lunar or-

bit, by the formula of Art. z2. which is'Bx'f'-g %

{‘,“: X » 3 which, withoutalteration, may be multiplied

27 _. fince r, which is the ratio of the
22
a4 X—

by g, -or by

. . . 22 .
circumference to the diameter, is -7-', and we fhall

have
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havctheﬁrmu&sz—thcxxx::{;=Bx’g
7
f f ® x L% a 73 which, by fubftituting the
*e 22

values of the preceding Problem, and 180 degrees
inftead of @ «, which is the femi-circumference
of the cn'cle wherein the nutation is performed, be-

3¢¢ 7, 9172919 9961947 _ 871557

comes T 10000000 10000000 0000000
Z 3 18%ey Ty gtx 2172979 9961947
22 176 —'3651. 2 10000050 10060000

_871557 7 180
loooo’?oo ”"22 176 — deg. equal, aftes redudion, to

17" 51" 14",

ProsLem XIV.

38. To find the difference of the inclination of the
earth’s axe, between the poiut of the equiuox and
:.bat of the Jolfice, caufed by the ation of the

7.

By Art. 14. the formula is A x .Z).. X aa.

27xr

Putting, inftead of 4, its.value of 4rt. 29. inflead:
of f which is the ratio of the fine of -the obliquity of

the ecliptic to the radius _3982 193 we thall have
10000000

1x 3 1, 3982155
365+ 2x176 10000000
Iiiaz in-

x a; and putting,



- [436]

. ar Aar 7
inftead of ¢, —=— == 27 = ;7-;- x 180 deg.
. ®

(fince @ = is the femi-circumference of the circle

wherein this inclination is performed) we fhall
3 I 3982155 7

3653 4% 176« 10000000 " 33 180 deg,

= (after reduction) §7". 24,

have

ProBrLEM XV,

39. To find the difference of the inclination of the
earth’s axe to the plane of the lunar orbit, when the
moon arrives at its point of flation, 90 degrees diffant

from the node of the equator with the lunar-orbit, this
difference of inclination being caufed by the moon.

By Art. 18. the variation of inclination will bc‘

- B X;-;-;‘ Xaa,

Putting, inftead of B, its value of 4rt. 30.; in-
inftead of M, which expreffes the time of the
moon’s revolution about the earth, 27 ¢ days; in-

ftead of =, the mean value 3982175 3 1 fay mean
r 10000000

value, becaufe the earth’s axe is not always equally

inclined to the plane of the lunar orbit, as has been

¥
thewn in Art. 19. &re. we fhall have £ x 3X=

(365%)"
275

3982155 , 4 — (putting, 2s in the pre-
2%x176 10000000 = (p & ; P

ceding
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ceding Problem, inftead of 4, EZE x 180 degrees) * x
35 37 3982155 7 _
(365%)" x'-z'._x 176 X To000000  22. 180 degrees, =
(after reduction) 10", 19",

ProsrLEM XVL
40. To find the motion of the mode of Jupiter’s fourth
JSatellite, caufed by the fun,during the time of s of a
revolution of that fatellite about the fun.

We need only make ufe of the formula of Pro-.
blem X1. wherein, conformably to 4r¢, 25. we muft

a 4 . .
make — =1 == 163 days, being the time of
—2a :

the revolution of the fatellite about 3’upitef.,~ T=
3651 x 12 days, which is the time of the fatellite’s
revolution about the fun, or about 12 years; é.,:l,

becaufe the orbit of the fatellite is but little inclined
to the ecliptic, and, confequently, the axe thereof
nearly at right angles thereto. ’ 4
« v 3t g 3x 164 18odeg.
We fhall have then Tx s,ormx =
This is the motion of the node of this fatellite in
3 yeats, or during % of its revolution about the fun.

Remark.

41. By this may be found the motion of the nodes
of the reft of Tupiter’s fatellites. For it appears,
fronr the formula, that the motion of the nodes of

different
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different fatellites of the fame planet, is as the times
of their revolutions about the planet. |

Thus the motion of the nodes of the 3d fatellite,
3X7E 180 deg.

itt the fpace of 3 years, is Tosix1i"3
, Ay

The motion of the nodes of the 2d is —3~3%%_ KEL;
| 3653 x 12

x _I%SJ‘deg.
The motion of the nodes of the 1ft is ~3X 18
305% % 12

180 deg:

3

| ProsreMm XVIL
42. To find the motion of the nedes of the §tb fatel-
lite of Saturn, canfed by the fun, during the time
of & of the revolution of this fatellite about the
Jun.

Conformably to the preceding Problem we fhall
have, by putting inftead of #, 793 days; inflead of
¥ 3644 x g0 days, which is nearly the time of the
revolution of this fastelgge about the fun, and we fhall

3x79;  180deg.

43. In the fae manner may be foend the motion
of tﬁe'nddés of all thereft of Saturn’s fatellites.

Pro-
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ProsrLeEM XVIII,

44. To find the motion of the moon’s node during the
time that the fun is paffing from the node of the
moon’s orbit with the ecliptic, to its point of flation;
that is, in three months, wanting a few days.

Here we are to make ufe of the farmula of Art.13.
becaufe the motion of the moon’s nodes is very fen-
fible in refpect of the motion of the fun.

Weﬂuallhavcﬂbxzxgx(r——dbx E—-x%) ; and
27 4 27qr

employing the values of Prob. XI. except that here
¢t = 27% days, which is the time of the moon's re-

. b
volutien about the earth, and that L= to the fine of

85 deg. divided by the radius; the axe of the lunar
orbit being inclined in an angle of about 8 degrees to
the ecliptic. Therefore é: 9961947 Laitly, by,

10000000

a
- = 1, and the precedin
1—2a ’ P &

X
formulawill be changed into this, 3275 « 9061947
365% 10000000
%Sdeg'x (1 3= 2{'3-\( 996[947)( 3 ).-.—. (after
365% 10000000 2 X8
redaction) 4°. 36" 33" :

This is the motion of the moon’s node during the
time that the fun is paffing from the node of the
moon’s orbit with the ecliptic to its point of ftation;
that is, during the time the fun is moving 90 ~= 4, de-

grees

Art. 25. we muft take

X
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grees, 36 minutes, 33 feconds, or 84e, 23, 29", And
if the motion of the node be required for one year,
tis only multiplying the motion, juft found, by

360° 1 1 o ' "
W, and it will be found 19. 24. 39.
being a very fmall matter more than the truth, for
reafons which will be explained elfewhere, and be-
caufe we have taken 274 days for the time of the
moon’s revolution about the earth, which is really a
little lefs than that quantity.

Prosrem XIX.
45. To find the greateff difference of the inclination
of the lunar orbit to the ecliptic; which bappens

when the fun arrives at bis point of flation with
- regard to the moon.

Here the formula of Art. 1 5. muft be made ufe of,
Whichgivesfdaa )(....z:.- b4 ( L o Ab X I—-),Ol-',
2xr 277

iy aT a ‘
which is the fame, % Ax --x-fx(z-—,‘: Ax E
27t 22

2n?. ?

e

7
fubftituting the values as in the preceding Problem,

and inftead of .‘.:_,pmtgng 871557

which is the ra~
10000000

. . o . 3 X273
tio of thefine of 5° to radius, we thall have -—3—6—5-;—x
F
1 871557 . 7« 1% deg. x (1—2x 32273
2%x2 10000000 22 ' ¥ 365%
996I 947 y__ ' "
X Toooocoo/ 19t It Remark,
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Remart.

46. It thould be obferved, that, to fhorten the
computations, I have contented myfelf with taking
the times of the revolutions pretty near the truth;
but if the utmoft exa&nefs be required, the accurate
times of the revolutions muft be employed.

47. This might be a proper place to add the me-
thod of determining the perturbation of the orbit of
any planet, as derived from another planet; but
fince tlis depends upon no other than the very fame
principles that have been made ufe of in this me-
moir, and as their application will be thewn, in its full
extent, in the memoir which I am going to print, and
intend myfelf the honour of fending to the Roya/ So-
ciety, I fhall defift, that I may not run this paper to a
greater length,

LIX. A Letter to the Right Honourable
George Earl of Macclesfield, P.R.S.

concerning the ages of Homer and Hefiod.
By George Coftard, M. A.

My Lord,

Read Dec. 13, J'T feems to be an opinion pretty gene-
1753 rally received, that Homer and He-
fiod lived much about the fame time. If this be
true, and they did fo, whatever arguments prove the
age of one, will equally ferve for fixing that of the
other. 'What that age was, is indeed not at all agreed
on among writers; the only thing in which they con-
kk fpire
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